We study the Generalized Uncertainty Principle (GUP) modified time evolution for the width of wave-packets for a scalar potential. Free particle case is solved exactly where the wave-packet broadening is modified by a coupling between the GUP parameter and higher order moments in the probability distribution in momentum space. Unlike the standard case, here the GUP modified broadening rate not only depends on the initial size (both in position and momentum space) of the wave-packet, but also on the initial probability distribution and momentum of the particle. The new rate of wave-packet broadening is modified by a handful of new terms -such as the skewness and kurtosis coefficients, as well as the (constant) momentum of the particle. Comparisons with the standard Heisenberg uncertainty principle based results show potentially measurable differences in the rates of free wave-packet broadening for physical systems such as the C 60 and C 176 molecules, and more so for large organic molecular wave-packets. In doing so we also scan the GUP parameter space by several orders of magnitude inside the best existing upper bound. * cvillalpando@ucol.mx † smodak@ucol.mx 1 arXiv:1812.06112v2 [gr-qc]
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I. INTRODUCTION
One of the key features of Quantum Mechanics (QM) is the fact that it sets, by means of the Heisenberg Uncertainty Principle (HUP), a fundamental limit on the precise and simultaneous knowledge of two canonically conjugate dynamical variables for any quantum system. This, along with other fundamental principles, when put together, ensures the dispersion of free wave-packets through space in a manner that the width of the packet tends to always increase over time [1] . These insights are important to understand classicalquantum correspondence in general. For example, one can easily compute that the wavepacket corresponding to a free electron will disperse in space very rapidly and therefore the likelihood of pointing down a free electron to be present at a specific point in space is negligible. Whereas, for a classical particle the wave-packet does not have a detectable dispersion in space over the age of the universe.
The above features are of course very well in agreement with our experiences which, nonetheless, are also verified in certain cases. On the other hand there is a growing consensus that, inspired by certain quantum gravity theories, are advocating about the existence of a fundamental minimal length scale (at the Planck length). Among them, studies in string theory [2] [3] [4] [5] [6] [7] [8] , Doubly Special Relativity [9] [10] [11] [12] , black hole physics [13] [14] [15] , Loop Quantum Gravity (LQG) [16, 17] , non-commutative quantum geometries [18] [19] [20] and more general approaches concerning QM and General Relativity [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] manifest this existence of a minimal length by replacing the HUP by a Generalized Uncertainty Principle (GUP) whose exact form, however, often disagrees among various proposals (for a broad overview see [7, 13, [31] [32] [33] [34] [35] and references therein). The GUP based approaches have a motivation to provide a short hand exercise in the search for quantum gravity effects, hypothesized to be realized in the form a minimal length, in low energy physics and, if it is indeed found then ask for an appropriate fundamental theory, from first principles, to explain this effective description of physical reality [36] (which may well be one of the existing theories -LQG or string theory or an entirely new theory).
One main focus of GUP based studies is to calculate the modified spectrum of different observables which can be useful to test the validity of the theory and in case no measurable differences are found it may still give bounds on the GUP parameters. Some of the studies in this line are reported in several works [37] , and in fact a number of new experiments have been proposed [38] to measure these GUP contributions.
We, on the other hand, are opening a new avenue in this quest of understanding the fundamental insights that are brought in by the GUP modification (or the minimal length scale) on the wavefunction itself and thereby giving some new information on a distributional level. To do this we consider the wave-packet corresponding to a free particle which can give an account of the bare effect of minimal length scale on the otherwise very well understood situation. There exist preliminary works on the GUP effect on free particle wave-packets [39] but they were not developed enough to highlight the theoretical and experimental impact discussed here. Particularly, in this article, we present a detailed account of the basic setting of wave-packet evolution both within the standard HUP setting (which is well-known) and within the GUP framework (which is a new study). The GUP modification will be shown to imply a non-trivial distributional ramification on the rate and fundamental properties of broadening of the free wave-packets. We shall also compare two situations, i.e., GUP vs. HUP explicitly to clarify various outcomes, both mathematically and physically. There will be a considerable effort to estimate the time difference between the GUP and HUP broadening of the free wave-packets and the likelihood of experimentally detecting this departure. Interestingly, while doing so, we can also put some bounds on the GUP parameter and that will be an improvement of several orders of magnitude to the existing best bounds that come from studying the spectrum of a number of observables.
This paper is organized in the following manner: in the next section (II) we provide a review of the basic set up to derive the evolution law for the width of the free wave-packet.
In section III we shall take first step to include the GUP effect by generalizing Ehrenfest's equations. Section IV is used for the derivation of the governing equation for the spreading of free wave-packets in GUP scenario which will be followed by solving it exactly for the case of free particle in section V. The next section VI will be dedicated to physically explain the new results. Moving on, in section VII we shall elaborate on the possibility of testing our results within the present technology. Finally, in section VIII we conclude.
II. THE MOTION AND SPREADING OF WAVE PACKETS
In this section we review the standard picture of wave packet broadening in quantum mechanics. This is a standard textbook exercise (see for example [1] ), however, it is important to review it here for the sake of clarity and completeness of the paper.
A. Ehrenfest's Theorem: a Classical Analogy
In Quantum Mechanics, the fundamental principle that sets a limit in the precision to which one can simultaneously measure two given physical quantities, is the Heisenberg Uncertainty Principle (HUP)
where N is the number of spatial dimensions under consideration. This is equivalent to the uncertainty relationship between the position and momentum of a particle satisfying
where the observable A is understood as an self-adjoint operator and
is the system's Hamiltonian. Using this identity on coordinates of position and momentum, we obtain Ehrenfest's equations
and
which are deduced from the Ehrenfest's theorem. Notice that these equations are formally identical to Hamilton's equations in classical mechanics, although this formal analogy can only be rigorously made when the conditions
are fulfilled. The above equations need not hold for an arbitrary potential, however, both of them hold perfectly up to the quadratic potential which then include the cases such as the free particle and the harmonic oscillator. Now, let's consider a 1-dimensional wave packet Ψ(q, t) with Hamiltonian
In order to study the time evolution of the expectation values q and p let's first define their mean-square deviations,
Note that in the classical approximation Ψ(q, t) represents a particle with position, momentum and energy given by
Now, let us define the quantity which tracks the difference
where V cl = V q .
For the classical approximation to hold, we require the extension ∆q of the wave packet to remain small as compared to the characteristic distances of the problem under consideration, so that we can make the following Taylor expansions around q :
where
. Using this expansion will guarantee the results are entirely general,
i.e. valid for any V . Taking the expectation values of (10), we obtain
By (4), (5) and (6), we have
Notice that, if we use V = V cl ((11) up to first order), then equations (12) reduce to "classical" equations of motion for the mean values q and p . This result holds if V (q) varies slowly over a distance ∼ √ ξ, so that the effect of V and higher derivatives in (11) is negligible. This condition holds trivially for the cases V (q) = cq 2 (harmonic oscillator) and V (q) = 0 (free particle), and for every V (q) of at most order 2 in q. Assuming these conditions hold (i.e. series (11) are rapidly converging), we have (see (9))
B. Deriving the Master Equation
We have described the motion of wave packets, by means of q and p ; now, in order to study the spreading of wave packets over time, we want to obtain functions ξ(t), η(t) (i.e. spread in configuration and momentum space) explicitly. Notice that ξ = u , where u = q 2 − q 2 , and q = f (t), so applying identity (3) to this operator yields
Analogously, for the operator dξ/dt, using again (3) and (12) we obtain
By using (10) in (15), we get the approximate equation
and finally, taking (13) into account, we can re-write it as
which we refer here as the Master equation. Upon solving it, and knowing the deviations ξ 0 , η 0 , andξ 0 ≡ dξ 0 /dt at t = t 0 , we obtain ξ(t), the spread of the wave function over time in configuration space; η(t) can then be found with (13) , using the fact that ε is constant.
Two interesting cases arise: the free particle and harmonic oscillator potential, in which the motion of the center of the packet is rigorously identical to that of a classical particle [1] . In the case of the free particle, V = 0, and thus from (13) we have η = 2mε = η 0 , that is, η = (∆p) 2 remains constant. However, we have rigorously d 2 ξ/dt 2 = 2η 0 /m 2 and thus
This result tells us that the free wave packet spreads indefinitely, as is well known, so this sets a limit for the time interval during which the classical-particle analogy holds. If we havė ξ 0 = 0 (e.g., the packet has the minimum width at t 0 , so that,
where ∆q 0 and ∆p 0 are the initial uncertainty in position and momentum space corresponding to the minimum wave-packet. This is a truly remarkable equation and fundamental to our physical understanding of quantum theory which explains why we cannot see an electron as a localized object and why classical objects are seem to be localized forever. Take for instance the case of free electron -the second term in (19) increases with time as t 2 and matches the initial width in time t = 2π(∆q 0 ) 2 cλe (by using the minimum wave-packet uncertainty relation ∆q 0 ∆p 0 = /2 and the definition for the Compton wavelength for electron).
Using λ e = 2.4 × 10 −12 m and initial width ∆q 0 10 −10 m we get the time it takes for the second term in (19) to equate the first term is t ∼ 10 −16 s. This is why it is hard to detect electron as a localized object confined to a small space -the wave-packet gets quickly delocalized. On the other hand for most of the classical objects this time is more than the age of the universe.
III. THE GENERALIZED EHRENFEST EQUATIONS
We now begin taking into account the GUP modifications. We have mentioned before that there are various proposals for expressing the GUP and here we shall consider the following form of the commutation relation between the components of position and momentum as recently being used in [35, 40] 
correct up to the second order in momentum. Here, we have α = α 0 /m P c, where α 0 is a dimensionless parameter, m P is the Planck mass and c is the speed of light. The term m p c = 6.52485 kg.m/s is the Planck momentum. It is important to stress that all the machinery that we shall build here is completely general and independent of the particular form one chooses for the commutator, but the results will vary with different choices.
In the previous section we derived Ehrenfest's equations, which give the laws of motion of the expectation values of the coordinates q, and conjugate momenta p, of a quantum system. However, these equations must be modified in order to account for the GUP, given in (20) , and the identity (3). Since the Hamiltonian is a function of the q's and p's, we have
where we have used the explicit form of (20) . Similarly, for p:
Using (21) and (22) along with (3), we obtain what we call the generalized Ehrenfest's equations
Comparing (23) and (24) with (4) and (5) one can readily see we have extra terms, i.e., corrections to the original Ehrenfest equations due to GUP effects. Furthermore, putting these equations into the form
we recognize, in the δij-term, the pattern (1 − αp + α 2 p 2 ) that arises in various results of the GUP modified angular momentum algebra [41] .
IV. ONE DIMENSIONAL WAVE PACKETS AND GENERALIZED MASTER EQUATION
For a one-dimensional wave packet we have p i = p, q i = q and the GUP (20) becomes
With this definition, we can write (23) and (24) as
and the commutation relations
These results will be useful for our ensuing discussion. Using the above results, along with the identity (3), we obtain the equatioṅ
where q cl = q . Notice that if α = 0, that is, γ = 1, we get back the result (14) obtained using the HUP algebra. This can be further continued to obtain the second derivativë
We refer this as the generalized master equation, where
Notice here that V = V (q) and thus it does not commute with p. Just to check the consistency, if we set α = 0, (30) becomes
as given in (15).
V. GUP MODIFIED BROADENING OF WAVE-PACKETS: THE FREE PARTI-CLE
Now we are ready to analyze the effects of minimal length scale on the broadening of the free particle wave-packet. For that we need to derive the spread ξ ≡ (∆q) 2 as a function of time. This can be easily done since we have V (q) = 0, and thus χ = = 0 from 31, and we find from 30
where η 0 = 2mε (as found in section II B). Using (3) we see that p cl , p 2 , and all higher moments p n are constant in time for a free particle, and thus the solution of (33) is found to be
If we assume that at t = t 0 the packet has minimum width then we must haveξ(t 0 ) = 0, and then an exact expression dictating the spread over time for the free wave packet is given by
Notice that these coefficients C 1 and C 2 involve higher-order moments, which introduce a novel statistical interpretation to our discussion, regarding the shape of the probability distribution for free wave-packets. To understand this meaningfully, we need to introduce
Pearson's skewness coefficient (Γ 1 ) which represents the third order moment, as
Further, we also have to introduce the fourth order moment given by the kurtosis coefficient
The term σ ≡ p 2 − p 2 = η 1/2 is the the standard deviation of the momentum distribution, which also appears in the discussion without GUP modification. It is important to recall that both Γ 1 and Γ 2 measure the departure of the probability distribution from the normal distribution. While Γ 1 measures the asymmetry about its mean p , Γ 2 measures its tailedness. While the skewness can either take positive or negative values, kurtosis is positive definite. For a normal (true Gaussian) distribution Γ 1 = 0 and Γ 2 = 3. In their expanded form, these coefficients are
Including the definitions (36) and (37), we can write the coefficients C 1 and C 2 in terms of Γ 1 , Γ 2 and p cl = p as
which, apart from the standard deviation term, also includes the skewness, kurtosis and momentum of the free particle's wave-packet (which is constant over time). This is a remarkable result since every new correction coming from the GUP has a distributional interpretation and, therefore, can be explained physically. Now, before going on to the analysis of the GUP-modified spread of free wave-packets, we need to find an expression for η as a function of the initial size of the wave-packet
We can readily find this from the minimum uncertainty relation
Using (40), and the fact that p 2 = η 0 + p 2 cl , we find that
Upon solving (41) for η 0 we find the expression η 0 = η 0 (∆q 0 , α, p cl ) that we were looking for. Notice that, since both ∆q 0 and p cl are constant parameters that depend on the particle (or molecule) under consideration, and α is the GUP parameter, solving (41) will yield a numerical value for η 0 that will be different for different systems one is considering. We take advantage of this in the following section.
VI. RESULTS AND PHYSICAL INTERPRETATION
Now, let us elaborate on the results obtained in the last sections.
The standard discussion based on the HUP provides a universal time-evolution law (19) for the wave-packet's width, irrespective of the initial probability distribution at time t 0 .
The only requirement for (19) is that the wave-packet's width was minimal at t 0 . This will apply for a normal distribution (which is quite ideal) and also for all other situations where the initial probability distribution is not normal. For all cases, the evolution law is the same and is given by (19) . On the other hand, as evident from our analysis, that is not true if we have to believe a GUP based calculation. The modified time evolution (35) is, indeed, dependent on the type of initial probability distribution. That is to say, for two wave-packets of the same initial width but different form (different value of skewness or kurtosis) the dispersion rate will be different. With that said, the distributions do not need to be skewed or with excess kurtosis in order to exhibit GUP-induced effects (the evolution of normal Gaussian wave-packets is modified as well). Furthermore, this rate is dependent on both the initial momentum and uncertainty in momentum, as opposed to the standard case (18) where it only depends on the initial uncertainty in momentum space.
One may now ask the question: Why do we have to consider different initial probability distributions at all, for a free particle? To answer this question we may think about a stream of particles which were under some sort of applied force fields for some time and then those force fields are switched off at time t 0 , and from that instant on (or a little while after, depending on the relaxation time) these particles start behaving as free wave-packets. Then the initial configuration of the wave-packet at time t 0 , when all the force fields are switched off, depends on the details of the interaction between the particles and said force fields, which can of course be arbitrary and, therefore, the initial configuration of the stream of free particles at t 0 need not be a normal distribution. In fact, it is likely to have any other distribution including the possibility to have a nonzero skewness and excess kurtosis.
Therefore, from our discussion it follows that, while an HUP based calculation is blind to the initial template, a GUP based approach does differentiate between two different initial templates; it shows a memory of the initial probability distribution at any later instant of time. Note that, however, since all of the physical parameters such as the skewness and kurtosis (in momentum space) and average momentum are constant in time for a free molecules. The spatial coordinate is along the X axis and the wavefunction is along the Y axis.
particle, their initial values will be unchanged during the future course of time. Further, η = p 2 − p 2 is also constant in time for a free particle, so that the initial uncertainty in momentum space remains unchanged over the course of time.
To start analyzing these GUP-induced effects, let us first consider a skewed probability distribution (with vanishing excess kurtosis) of the initial wave-packet. A template of such a wave-packet can be expressed in terms of the following function
It is easy to check that the probability distribution associated to this wave-packet (that is, the square of (42)) is normalized over the configuration space and, therefore, satisfies the probability conservation condition at all times. This function corresponds to a skewed distribution with normal kurtosis Γ 2 = 3; its width ξ(t) satisfies the equation (34), and for a given instant of time t the shape of the wave-packet will change for a given value of skewness Γ 1 . In Fig. 1 we plot this behavior for both C 60 and C 176 "buckyball" molecules. We choose "buckyball" type (Buckminsterfullerene) molecules for this analysis because they are one of the, commercially available, bigger-sized molecules that behave as a single wave-packet, thus they can used for experimental studies on our proposal. This will be further clarified in the next section where we discuss a possible test of our results. Plots with positive skewness have more probability that the particle will be found on the right side than the left side of the mean value and vice-versa. Here we have assumed characteristic values for several parameters including the mass and the initial size (taken to be the van der Waals diameter [46] ) of the molecule, and the GUP coupling constant α as order unity. These plots are therefore more for a qualitative understanding. Accurate quantitative analysis for testing our result will be carried out in the next section.
Notice that, even though Γ 1 and Γ 2 are defined as the skewness and kurtosis coefficients in momentum space (see (36) and (37)), this does of course introduce skewness and kurtosis in position space as well, so that the shape of the wave-packet in position space will also be affected, as shown in the figures. The difference is that the skewness and kurtosis coefficients in position space will change over time; we can readily see this from the fact that, generally speaking, q n = q n (t) for the free particle. With that said, notice that the GUP-modified spread evolution law for free wave-packets does not depend explicitly on these coefficients in position space, but rather in momentum space, so we do not need to compute these for our present analysis. Now, let us plot the time evolution of this wave-packet, governed by (42), in Fig. 2 , for both C 60 and C 176 parameters. Again, the shape and the rate at which it spreads depends on the value of Γ 1 appearing in (34) through C 1 and C 2 in (38) and (39) . Clearly, the initial distribution has an important role to play in the time evolution of the wave-packet, and this is a new insight coming from the GUP based analysis.
In Fig. 3 , we compare the wave-packet evolution with and without the GUP modifications. The sample distribution is again given by (42) with either C 60 or C 176 parameters, and we consider the normal (Gaussian) part of it by setting Γ 1 = 0. We find some important insights by looking at these plots: first, the minimum uncertainty wave-packet, defined at the initial time, has a smaller width for the GUP-based calculation than the HUP-based standard result. It is therefore consistent to say that for a physical quantum system, such as the one given by these "buckyballs", the existence of a minimal length scale in the form of (20) minimizes the uncertainty in the probability distribution in position space for the same momentum distribution. This may be related, of course with certain differences, with an expectation that gravity might have a natural tendency to localize the wavefunction, as first pointed out by Penrose and Díosi [42] .
So far our discussion did not include a distribution with an excess kurtosis. In order to study this let us assume the probability density function of the logistic distribution, given by
This function has skewness Γ 1 = 0 and kurtosis Γ 2 = 4.2. The wave-packet associated with this probability distribution is
The rate (34) at which the spreading takes place with GUP modification for (44) includes the kurtosis Γ 2 as opposed to the standard prediction from the HUP, where the rate of expansion of ξ(t) (18) is independent of the value of kurtosis. In Fig. 4 we plot the GUP time evolution of (44) starting from the minimum width wave-packet for (a) C 60 and (b)
C 176 molecules. When considering any type of initial distribution (be it normal, skewed or with excess kurtosis), if one takes the GUP parameter to be α ∼ 1, the time evolution is practically identical to the HUP based calculation and it is hard to differentiate between the two in the plots. However, given that the allowed parameter space for α is quite wide [37] , for a large value α = 10 16 , these plots do show a significant difference between the width of the wave-packet with or without GUP corrections (see Fig. 4 (c) and 4(d)). This characteristic is just similar as before (Fig. 3) . In the next section we shall speak more about the numbers and the likelihood of measuring them.
VII. POSSIBLE TESTS
In this section we study the possibility of experimental verification of the minimal length effect on the dispersion of the free wave-packets. The scheme that we propose here is quite simple -one needs to measure the timescale in which the wave-packet (describing a particle or a system of particles behaving as a single wave-packet) doubles its initial width. In fact, one can choose any final size that is permissible, but our calculation here will be done considering that the wave-packet is doubling its size.
HUP based calculation gives a precise estimate for that which we already discussed for the case of electrons in section II. Let us re-do the analysis, now in presence of the GUP modifications. Using (35) we can easily calculate this time to be
where the minimum uncertainty wave-packet now satisfies the relationship (40), and plugging in the definitions (38) and (39) of C 1 and C 2 , we get
If we, for the sake of simplicity, consider a gaussian wave-packet, then we can set the skewness and kurtosis coefficients to Γ 1 = 0 and Γ 2 = 3, respectively. With this the above expression gets simplified, giving
With expressions (46) and (47) at hand, we can use relation (41) to replace η = ∆p 2 0 in terms of ∆q 0 and other parameters. Therefore, we now have everything we need for doing a numerical calculation.
First, let us go back to the case of the free electron, where the initial wave-packet had a width of 10 −10 m. We can use (47) In order for these effects to be detectable in a laboratory, we must magnify the GUP modifications somehow. To do this, we must consider probes whose wave-packets have initial sizes bigger than that of an electron and that represent a comparatively larger mass. One obvious way to achieve this is to consider atoms instead of electrons or, even better, use bigger molecules which can behave like a single wave-packet. This brings us to the so called "buckyball" systems and Large Organic Molecules (LOM). "Bucky balls" or Buckminsterfullerene are basically a bunch of carbon atoms behaving as a single quantum wave-packet [44] . We shall consider again C 60 and C 176 molecules -which we already considered in various plots.
On the other hand, LOMs are probably the most exciting since they are the largest molecules (in terms of the combination of size and mass scale) found so far which behave like a single wave-packet [45] . Below we do an analysis for these three objects where we shall keep α a free parameter from the beginning, and see how the wide range of values for this parameter affects the time difference between the HUP and GUP results for the minimal width wavepacket to double its initial width.
In the case of a C 60 buckyball molecule, with a mass of 1.19668 × 10 −24 kg (720 u) and an initial width ∆q 0 equal to its van der Waals diameter (7Å) [46] , the HUP prediction for the doubling time is t double (C 60 , HU P ) = 1. which improves the result of the C 176 molecule by a factor of 63 and this number is 500 times better than for the C 60 molecule. Further, moving to α ∼ 10 16 the difference becomes t double (T P P F 152, α = 10 16 ) − t double (T P P F 152, HU P ) = 5.60129 × 10 −6 s.
which is again better by a factor of 63 from C 176 and 560 from C 60 .
In Fig. 5 can scan the parameter space α ≥ 10 9 , and it is again better for C 176 , for which we can scan α ≥ 10 8 . The best of the three however stands for TPPF152 which can scan, on the lower side, down to α ∼ 10 6 . Therefore, we get an improvement by four orders of magnitude on the best existing bound found in [43] to constrain α. In addition, if we are lucky and Nature behaves in such a manner, we might be able verify (20) with these molecular wave-packets.
If not we can put a new bound and move on to redo the experiments with even bigger and more massive wave-packets. This is a totally new avenue that has not been proposed before.
In fact any departure from HUP, irrespective of the manner it differs, will be a pathbreaking discovery since it will anyway challenge the standard quantum mechanical prediction. We expect, perhaps colleagues from the experimental side will find this result interesting.
VIII. CONCLUSIONS
We have introduced a novel approach and, to some extent, established the fact that studying the dispersion of free wave-packets might lead to an indirect evidence for the long anticipated minimal length scale in Nature. Our result here is based on the possibility that HUP should be replaced by a GUP (20) in presence of the minimal length. Nonetheless, it is very important to stress that our approach is very general and independent of the specific manner in which the commutator bracket has to be modified in (20) . This specific study, based on this choice, has several interesting outcomes which we enlist below.
(i) Use of GUP has brought a rich distributional consequence on the expansion rate of free wave-packets. The rate of dispersion not only depends on the initial uncertainty and standard deviation (in position and momentum) but also on the higher order moments in momentum space (such as skewness and kurtosis). In addition, it also depends on the initial momentum of the wave-packet.
(ii) We have shown that by measuring the "doubling time", that is the time in which a free, minimal width wave-packet doubles its size, we may get important clues on the minimal length scale. The difference between the doubling times of HUP and GUP based predictions may well be in the detectable range if we use highly precise atomic clocks.
(iii) This difference in broadening time is more for massive molecular wave-packets in comparison with the wave-packets representing smallest objects like electrons. Large organic molecule (such as TPPF152), "buckyball" (such as C 60 , C 176 ) wave-packets may be useful on verifying or falsifying the GUP proposal (20) .
(iv) In the absence of detecting any difference for doubling time with an atomic clock of precision level 10 −15 s, with C 60 , we can better the best upper bound on α ∼ 10 10 by one order of magnitude. For C 176 we can improve by two orders of magnitude, and for TPPF152
by four orders of magnitudes, assuming that the precision level of the best atomic clock is 10 −15 s. This will be even better if we can use atomic clocks more precise than that.
(v) There are two ways to improve the numbers presented here and to reach even closer to testing the GUP theory. One of them is to consider larger and heavier molecular wavepackets and the other is to come up with new atomic clocks which can measure the time difference even beyond a femto-second.
Finally, we want to stress that coming up with an experiment to test our results might not be impossible in near future, especially because of the remarkable progress that has been achieved to test the superposition principle with increasingly massive molecular wavepackets [45] . Perhaps, an experiment in our context will be easier to conduct since the wave-packet does not pass through the double slit, rather, it only needs to be set free until it doubles its size.
